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ON GIT QUOTIENTS AND REAL FORMS
MIGUEL ACOSTA
Abstract. We consider actions of complex algebraic groups G on complex algebraic
varietiesX, coming from actions of real forms G ofG and X ofX. We explore the links
between the real points of the complex GIT quotient X/G and the real GIT quotient
X/G defined by Richardson and Slodowy. We prove that some type of real points
of X/G can be lifted to a quotient of the form X/G maybe after changing the real
forms, and we link the number of possible lifts to a co-homology set. We apply then
the results to character varieties, and study the particular case of the SL3(C)-character
variety for Z.
1. Introduction
Needless to say, group actions are a very common and powerful tool in mathematics.
Given an action of a group on some space, a question rising naturally is to understand
the space of its orbits. A geometric situation where this study is essential is given by the
Ehresmann-Thurston principle in the setting of (G,X)-structures: deformation spaces
of such structures on a manifold M are locally parametrized by representations ρ ∈
Hom(pi1(M), G) considered up to G-conjugation (see for example [BG04] or [CEG06]).
The corresponding spaces of orbits, obtained as quotients of Hom(pi1(M), G) by G are
the so-called character varieties, and are a crucial tool for studying geometric structures.
In a more general setting, given an action of a group G on a space X, we would like
to understand the space of G-orbits of X: the quotient of X by G. In this article, we
choose to work with a complex algebraic group G acting on a complex algebraic variety
X, as well as analog real objects G and X. In this context, we have several additional
structures that help to understand the space of orbits, since our spaces X (resp. X) are
Hausdorff topological spaces and algebraic varieties. Thus, in addition to the categories
of sets and topological spaces, we can consider the quotient of X by G in the setting of
other categories. We focus mainly in the categories Htop of Hausdorff topological spaces
and AffAlg of complex affine varieties.
On the one hand, the quotient topology on the usual quotient setX/G is not Hausdorff
in general, but there is still always a well defined quotient of X by G in Htop. It
is obtained by considering the Hausdorffization of X/G, that is its largest Hausdorff
quotient. On the other hand, if G is a complex reductive group, the Geometric Invariant
Theory (GIT) allows to consider the quotient of X by G in AffAlg as well. In that case,
the GIT-quotient coincides with the Htop quotient, and is denoted X//G. We recall
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2 MIGUEL ACOSTA
some general facts in Section 2, like correspondence between points of X//G and closed
G-orbits in X, but refer to the notes of Brion [Bri10] for a more detailed exposition.
As for the action of a real group G on a real algebraic varietyX, the algebraic quotients
are no longer well defined. Nonetheless, Richardson and Slodowy construct in [RS90] a
real GIT quotient X//G, that is still the quotient of X by G in Htop, and whose points
are the closed G-orbits of X. In the case of character varieties, where X = Hom(Γ, G)
for some finitely generated group Γ and G acts by conjugation, Parreau generalizes in
[Par11] this construction to reductive groups G over arbitrary local fields.
If G and X are real forms of the complex group G and the complex variety X, we have
therefore two related real objects. First, we have the real GIT-quotient X//G constructed
by Richardson and Slodowy in [RS90], that is a Hausdorff space. Then, we can consider
the real points of the complex GIT quotient X//G, that is defined over R. We know,
thanks to Richardson and Slodowy, that there is a natural map β : X//G → (X//G)(R)
that is proper and has finite fibers, but is not always surjective. The aim of this article is
to have a better understanding of the links between the two quotients X//G and X//G.
We call a point of X//G neat if it has a lift in X which is regular, has a closed G-orbit
and has stabilizer Z(G). We obtain the following result, that allows to lift neat points
of (X//G)(R) to quotients of the form X//G, but maybe after changing the real forms X
and G.
Theorem A (Theorem 3.7). Let G be a connected complex reductive algebraic group,
acting on a complex affine variety X with a trivial action of its center. Let G and X
be compatible real forms of G and X respectively. Let x ∈ X be a neat point such that
pi(x) ∈ (X//G)(R). Let Y ⊂ X be the irreducible component of x. Then, there exist
real forms G′ of G and Y ′ of Y such that G′ is a twisted form of G, x ∈ Y ′ and Y ′ is
G′-stable.
Moreover, in Section 3.3, we obtain a bound on the cardinal of the fibers of the map
β : X//G → (X//G)(R) in terms of cohomology sets with coefficients in the stabilizer of
points of X, by constructing an injective map from a fiber of β to the corresponding
cohomology set.
Proposition B. Let x ∈ (X//G)(R), x˜ ∈ X be a lift of x and Gx˜ the stabilizer of x˜ in
G. Then,
|β−1(x)| ≤ |H1(Gal(C/R),Gx˜)|.
We can apply these results to our original motivation for the study of quotients of the
form X//G and X//G, namely the character varieties, defined, for a finitely generated
group Γ, as
XG(Γ) = Hom(Γ,G)//G.
The link between the two quotients has already been studied in particular cases. For
example, Johnson and Millson study in [JM87] the real points of the character variety
XSO(n+2,C)(Γ), where Γ is a surface group and the corresponding real form of SOn+2(C)
is SO(n + 1, 1). In particular, they prove that the map β is one-to-one when restricted
to quasi-Fuchsian representations1. More recently, Casimiro, Florentino, Lawton and
1 In [JM87], given a surface group representation ρ0 : Γ → SO(n+ 1, 1) that factors through SO(2, 1),
a representation ρ ∈ Hom(Γ,SO(n+ 1, 1)) is called quasi-Fuchsian if it is topologically conjugate to ρ0.
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Oliveira prove in [CFLO14] that there is a deformation retraction between G-character
varieties for free groups Fr and the corresponding quotients Hom(Fr,K)/K where K
is the maximal compact subgroup of G, and observe the links between real points of a
complex character variety and the points coming from a real form in some particular
examples. The author has also studied the particular cases of real points of SLn(C)-
character varieties in [Aco19a], as well as for classical complex groups in [Aco19b]. Here,
we obtain the following result, that generalizes all those cases.
Theorem C (Theorem 4.1). Let Γ be a finitely generated group and G a connected
complex reductive algebraic group. Let Φ be an antiholomorphic involution of XG(Γ)
induced by a real form G of G. Let ρ ∈ Hom(Γ,G) be a good representation such that
Φ(χρ) = χρ. Then, there exists a real form G′ of G such that ρ ∈ Hom(Γ, G′).
Finally, we study the particular case of the SL3(C)-character variety of Z, with its
three real forms SL3(R), SU(3) and SU(2, 1). It is a relatively simple case but has a
particular behavior, since we find situations where the bound of Proposition B is not
sharp, and a real GIT quotient that is not a manifold.
Outline of the article. The article is organized as follows. First, we recall some back-
ground and fix notation and the setting in Section 2. We focus on algebraic actions and
real forms of complex groups and varieties; we also recall the setting for complex and
real GIT quotients. In Section 3, we consider the problem of lifting real points of the
complex GIT quotient to the corresponding real GIT quotient, study the number of lifts
in each fiber and prove Theorem A and Proposition B. Then, in Section 4, we apply the
previous results to character varieties and obtain Theorem C. Finally, in Section 5, we
study in detail a particular example, namely the SL3(C)-character variety of Z, where
SL3(C) acts on itself by inner automorphisms.
Acknowledgements. The author would like to thank Pierre-Emmanuel Chaput for a
long and helpful discussion about the background on G-varieties and real forms and
many comments on the article. He would like to thank as well Michel Brion, Gerald
Schwarz and Ralph Bremigan for a very short but fruitful correspondence.
2. Background and setting
In this article, we consider vector spaces, algebraic groups and algebraic varieties that
can be either real or complex. We will use a bold font for complex objects and the usual
font for real ones. This way, V, X andG will be a complex vector space, a complex affine
variety and a complex algebraic group, while V , X and G will be real forms of them. Our
setting will be of an action of a complex algebraic group G on an affine algebraic variety
X, coming from an action of a real form G of G on a real form X of X. In this section,
we fix notation for these objects and settle our preferred viewpoint on them. For the
algebraic actions and GIT quotients, we refer to the notes of Brion [Bri10], whereas for
the setting on real forms we follow the book of Onishchik and Vinberg [OV90]. Finally,
we describe the real GIT quotient constructed by Richardson and Slodowy in [RS90].
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2.1. Algebraic actions. An affine algebraic variety, or simply variety, is a subset X
of some Cn defined by polynomial equations. The maps between two algebraic varieties
that are given by polynomials in the coordinates are called algebraic maps. In this way,
two varieties are isomorphic if there is an algebraic isomorphism between them. Thus,
we can consider abstract algebraic affine varieties. However, in this article, we will always
think of an affine variety as embedded in some complex vector space V, that can change
depending on our needs. Note that, in this setting, we do not ask affine varieties to
be irreducible. We say that a complex affine variety X is defined over R if there is an
embedding of X in a complex vector space V and there is a set of real polynomials
defining its image in V. Equivalently, X is defined over R if there is an antiholomorphic
involutive automorphism of X.
We denote the ring of functions of a variety X by C[X]. If X is embedded in a complex
vector space V, then C[X] is the C-algebra obtained by restricting to X the polynomial
functions on V. Recall that affine varieties are in one-to-one correspondence with their
rings of functions, so X is determined up to isomorphism by C[X].
A complex algebraic group is a group G that is also an affine variety, and such that the
inverse and the group product are algebraic functions. An action of G on a variety X is
algebraic if the corresponding map G ×X → X is algebraic. If V is a complex vector
space, andG acts linearly, the action is called a representation ofV. If, in addition, every
point is in a finite-dimensional G-subspace, then V is called a G-module. We recall the
following proposition that states that, in order to study the actions of algebraic groups
on varieties, we only need to understand the G-modules.
Proposition 2.1 (Proposition 1.9 of [Bri10]). Let G be an affine algebraic group acting
on a variety X. Then, there exists a G-module V, and a closed immersion X ↪→ V that
is equivariant with respect to the action of G.
Recall that a G-module V is simple or irreducible if if it has no proper non-zero sub-
module, and semi-simple or completely reducible if it is a direct sum of simple submodules.
From now on, we will assume that the group G is reductive, i.e. that its unipotent radical
is trivial. We recall the following standard result, that gives other characterizations of
complex reductive groups more adapted to our setting.
Proposition 2.2 (Theorem 1.23 of [Bri10]). Let G be a complex algebraic group. Then
the following are equivalent:
(1) The group G is reductive.
(2) The group G contains no closed normal subgroup isomorphic to the additive group
Cn for some n ≥ 1.
(3) The group G (viewed as a Lie group) has a compact subgroup K which is dense
for the Zariski topology.
(4) Every finite-dimensional G-module is semi-simple.
(5) Every G-module is semi-simple.
2.2. The complex GIT quotient. We fix, once and for all, a reductive algebraic group
G, a variety X and an action of G on X. When necessary, thanks to Proposition 2.1, we
will suppose that X is a subvariety of some finite dimensional vector space V and that
the action is the restriction of a linear action of G on X.
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We are interested in the space ofG-orbits ofX. If we consider the usual quotientX/G
as a topological quotient, it is not Hausdorff in general, and has no particular structure.
The Geometric Invariant Theory (GIT) allows to construct an algebraic variety X//G
and a quotient map pi : X→ X//G satisfying the following properties:
• The ring of functions C[X//G] is the ring of G-invariant functions of X, that we
denote C[X]G.
• The points of X//G correspond to the closed G-orbits in X
Moreover, if x ∈ X, then there is a unique closed orbit in the closure of Gx, and pi(x)
is this precise orbit. Thus, X//G is a quotient in the category AffAlg of affine algebraic
varieties as well as in the category Htop of Hausdorff topological spaces.
Remark 2.3. IfG acts on a finite dimensional vector spaceV andX ⊂ V is aG-invariant
closed subset, then we can identify X//G with the image of X by the projection map
pi : V→ V//G.
2.3. Real forms. There are several ways to define real forms. We follow here the defi-
nition of Onishchik and Vinberg in [OV90] of a real form of a complex vector space or a
complex affine variety, that extends to complex algebraic groups.
Given a complex vector space V, a real subspace V is a real form of V if an R-basis of
V is also a C-basis of V. In a more abstract frame, V is a real form of V if the inclusion
V → V induces an isomorphism V ⊗R C ∼−→ V. Observe that a real form of a complex
vector space can also be defined by a complex conjugation: then, V will be the set of
fixed points of an involutive antiholomorphic automorphism of V. This notion extends
naturally to affine algebraic varieties. Here, a real algebraic variety X will be a subset
of some Rn defined by polynomial equations; it embeds naturally in a corresponding
complex variety X by extending the scalars. Thus, we have the following definition of a
real form.
Definition 2.4. Let X be a complex affine variety obtained by a field extension from
a real affine variety X. We say that X is a real form of X if the identity embedding
X ⊂ X extends to an isomorphism X ⊗R C ∼−→ X. On the level of the rings of functions,
X is a real form of X if and only if C[X] ' R[X]⊗R C.
A real form X of X defines a unique involutive antiholomorphic automorphism x 7→ x¯
on X such that X = {x ∈ X : x¯ = x}. We will refer to this automorphism as the
complex conjugation with respect to X. Conversely, a real form can be defined by an
antiholomorphic involution, as follows:
Proposition 2.5 (Theorem 2.6 of [OV90]). Let τ be an involutive antiholomorphic au-
tomorphism of an irreducible complex affine variety X. If the set X of its fixed points
contains at least one smooth point, then X is a real form of X.
This definition extends naturally to complex algebraic groups, so a real algebraic
subgroup G is a real form of a complex algebraic group G if the identity embedding
G ⊂ G extends to an isomorphism G ⊗R C ∼−→ G. In the same way, a real form G
of G defines an antiholomorphic involution on G, and such an involution defines a real
form if the group G is irreducible (e.g. when it is connected, as the examples that we
will consider). Observe that in all the cases there are several real forms, depending on
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the antiholomorphic involution considered. From the viewpoint of complex algebraic
varieties and real points, this corresponds to different ways to define a complex variety
over R. We have, in particular, the definition of twisted forms.
Definition 2.6. Let G and G′ be two real forms of G with corresponding antiholomor-
phic involutions τ and τ ′. We say that G and G′ are twisted forms if there is h ∈ G
such that for all g ∈ G we have τ ′(g) = h τ(g)h−1. Note that such an h must satisfy
h τ(h) ∈ Z(G).
We fix, once and for all, real forms X and G of X and G respectively, and we suppose
that the corresponding complex conjugations are compatible, meaning that for all g ∈ G
and all x ∈ X we have g · x = g¯ · x¯. Thus, G acts on X, and by complexifying this action
we recover the action of G on X.
2.3.1. Embedding into G-modules and real forms. We stated, in Proposition 2.1, that
in our setting we can consider X as a closed G-invariant subset of a finite-dimensional
vector space V with a linear action of G. In this paragraph, we are going to prove that
this setting is also valid when considering the real forms X and G of X and G.
Let (f1, . . . , fd) be a finite generating set for the algebra R[X]. Since X is a real form
of X, we know that the extensions of the fi to C[X], that we still denote by fi, generate
the algebra C[X]. We are going to embed X into the dual of a G-invariant subspace of
C[X]. Recall that G acts on C[X] by g · f : x 7→ f(g−1x). Let W = SpanC({g · fi | g ∈
G, i ∈ {1, . . . , d}}); it is a G-invariant subspace of C[X]. The following lemma follows
from the fact that C[X] is a G-module. We refer to Brion’s notes [Bri10] for details.
Lemma 2.7. The vector space W = SpanC({g · fi | g ∈ G, i ∈ {1, . . . , d}}) is finite
dimensional.
In order to define the complex conjugation onW, we will use the following lemma.
Lemma 2.8. We have W = SpanC({g · fi | g ∈ G, i ∈ {1, . . . , d}}).
Proof. We only need to prove that every linear form on W that vanishes at the points
g · fi for g ∈ G and i ∈ {1, . . . , d} is the zero linear form. Let ϕ ∈W∗ such that for all
g ∈ G and all i ∈ {1, . . . , d} ϕ(g · fi) = 0. For i ∈ {1, . . . , d}, let ψi ∈ C[G] be defined
by ψi(g) = ϕ(g · fi). Since ψi|G = 0 and G is a real form of G, we obtain that ψi = 0.
Thus, for all g ∈ G and all i ∈ {1, . . . , d}, ϕ(g · fi) = 0. Hence, ϕ = 0. 
Let W = SpanR({g · fi | g ∈ G , i ∈ {1, . . . , d}}). By Lemma 2.8, we know that W is a
real form ofW. Let V be the dual ofW and V the dual of W , so V is a real form of V.
Observe that G acts on V linearly. We are going to embed X into V in a G-equivariant
way that is also compatible with the complex conjugation. A complete statement that
completes the proof is given in the following proposition.
Proposition 2.9. Let G be an algebraic complex reductive group acting on a variety X.
Let G and X be compatible real forms of G and X. Then, there exists a G-module V, a
real form V of V and a closed immersion X ↪→ V that is equivariant with respect to the
action of G and the complex conjugation.
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Proof. LetW, W , V and V be defined as above. Let
ι :
X→ V
x 7→ evx
where evx : f 7→ f(x) is the evaluation map. Since V generates C[X] as a C-algebra, ι
is a a closed immersion. Now, let x ∈ X, g ∈ G and f ∈W. We have
(g · ι(x))(f) = (g · evx)(f) = evx(g−1 · f)
= (g−1 · f)(x) = f(gx) = evgx(f)
= ι(gx)(f).
Thus, ι is G-equivariant.
It only remains to prove that ι is equivariant with respect to the complex conjugation.
Let (f1, · · · , fm) be an R-basis for W , and (f∗1 , . . . , f∗m) be its dual basis in V . Since W
and V are real forms ofW and V, the two families are also bases for the corresponding
complex vector spaces. Let x ∈ X, so ι(x) = ∑mi=1 λif∗i ∈ V. Let f = ∑mi=1 µifi ∈W.
We have
ι(x¯)(f) = evx¯(f) = f(x¯) =
m∑
i=1
µifi(x¯)
=
m∑
i=1
µifi(x) =
m∑
i=1
µievx(fi) =
m∑
i=1
µiλ¯i
=
m∑
i=1
λ¯if
∗
i (f) =
(
m∑
i=1
λif∗i
)
(f) = evx(f)
= ι(x)(f)
Hence, ι(x¯) = ι(x), so ι is equivariant with respect to the complex conjugation. 
2.3.2. The variety X//G is defined over R. We are interested in the link between the
quotients of X by G and the one of X by G. First, we observe that the GIT quotient
X//G is defined over R, so it makes sense to consider its real points. We first need a
technical lemma. The proof is inspired by the proof of Proposition 6.7 of [RS90].
Lemma 2.10. Let X be a real form of X. Then, the ring of invariant functions R[X]G
is finitely generated.
Proof. Since G is Zariski-dense in G and X is a real form of X, we have
C[X]G = C[X]G = (R[X]⊗R C)G = R[X]G ⊗R C.
By Nagata’s theorem (see [Nag63] or [Bri10, Theorem 1.24]), we know that C[X]G
is finitely generated. Let (f1, · · · , fd) be a finite set of generators. Since C[X]G =
R[X]G⊗R C, for j ∈ {1, . . . , d} there exist gj , hj ∈ R[X]G such that fj |X = gj + ihj . Let
R ⊂ R[X] be the ring generated by {g1, . . . , gd, h1, . . . , hd}. Since fj |X = gj + ihj , we
have that f1, · · · , fd ∈ R⊗R C. Thus, R⊗R C = C[X]G and R = R[X]G is generated by
{g1, . . . , gd, h1, . . . , hd}. 
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Proposition 2.11. The complex conjugations on G and X induce a compatible complex
conjugation in X//G.
Proof. By Lemma 2.10, we can choose a finite generating set (f1, . . . , fd) for R[X]G. Since
C[X]G = R[X]G ⊗R C, the extensions of the fi to C[X] generate C[X]G. Therefore, we
can identify X//G with the image of the map
X→ Cd
x 7→ (f1(x), . . . , fd(x))
Hence, the complex conjugation of Cd defines an antiholomorphic involutive automor-
phism τ of X such that
∀x ∈ X pi(x¯) = τ(pi(x))
Observe that this last condition shows that the definition of τ on X//G is independent
of the choice of f1, . . . , fd. 
Remark 2.12. This complex conjugation allows to define X//G over R, and to consider
its real points (X//G)(R) as the fixed points of τ . However, even if X is irreducible,
X//G is not necessarily irreducible and there might not be a real smooth point. Hence,
the statement above does not mean that (X//G)(R) is a real form of (X//G).
2.4. A real GIT quotient. We consider now the action of G on X, instead of the one
of G on X. In this setting, the ring of invariant functions R[X]G does no longer define
a real algebraic quotient, but we can still consider the space X//G of closed G-orbits.
We summarize here the results obtained by Richardson and Slodowy in [RS90] about
the space X//G and a natural map β : X//G → X//G. The reader might be aware
that the results of [RS90] are stated for actions of G on a vector space V . However,
by Proposition 2.9, we can embed X as a closed G-invariant subset of a complex vector
space V endowed with a linear action of G, in such a way that the actions of G and
the complex conjugation are equivariant. Hence, X will be embedded as a closed G-
invariant subset of V . Since the results are about closed orbits, they generalize without
any trouble to the action of G on a real form X of an algebraic variety X. The situation
is summarized in the diagram of Figure 1.
X X
V V
X//G X//G
V//G V//G
ι
p pi
ι
piβ
β
p
Figure 1. Maps between X, V, their real forms and their quotients.
Let X//G be the space of closed G-orbits of X, endowed with the quotient topol-
ogy. Luna, in [Lun75], and Richardson and Slodowy, in [RS90], prove that X//G is the
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Hausdorffization of the topological quotient X/G, so it is the quotient of X by G in the
category of Hausdorff spaces. The techniques used by Richardson and Slodowy involve a
detailed study of the set of minimum vectors in V for a norm invariant by the maximal
compact subgroup of G. With these tools, they are able to prove, in [RS90, Theorem
7.7], that X//G is homeomorphic to a semi-algebraic set in some Rd.
Let p : X → X//G be the projection map (noted pi in [RS90]). It is a continuous
map, that is the quotient map in the category of Hausdorff spaces. Keeping this time the
notation of [RS90, Section 7], since pi|X : X → X//G is continuous, G-invariant, and has
as target a Hausdorff space, there is a natural continuous map β : X//G → X//G such
that β ◦ p = pi|X . Richardson and Slodowy prove that the map β is proper (Proposition
7.4) and has finite fibers (Lemma 8.2). Moreover, if E is a closed G-invariant subset of
X, then p(E) is closed in X//G, and hence pi(E) is closed in X//G. The same closure
properties hold for arbitrary local fields of characteristic zero, as proven by Bremigan in
[Bre94], and the restrictions of β to the strata defined in the same article are covering
maps.
We are interested in the relations between the quotients X//G and X//G. By Propo-
sition 2.11, we know that the complex conjugations of X and G induced by X and G
are compatible with a complex conjugation of X//G, so pi(X) = β(X//G) is a subset
of (X//G)(R). In addition, observe that X is a real algebraic set, so, by the Tarski-
Seidenberg theorem, its image by a real algebraic map is a semi-algebraic set. In partic-
ular, pi(X) is a semi-algebraic subset of (X//G)(R). A summary of the setting, without
the ambient vector spaces, is given in Figure 2.
X X
X//G X//G
(X//G)(R)
p pi
β
Figure 2. Maps between X, X and their quotients.
3. Lifting real points
In this section, we are interested in the relations between the real GIT quotient X//G
and the real points of the complex GIT quotient X//G. First, we recall briefly the setting
given in Section 2. Let G be a connected complex reductive algebraic group acting on
a complex variety X. Let G and X be real forms of G and X respectively, that are
compatible with the G-action. Let X//G be the GIT quotient of X by G: it is an
algebraic set defined over R whose ring of invariants is C[X]G. Let X//G be the real GIT
quotient of X by G, that is a topological Hausdorff space.
We have also the projection maps pi : X → X//G and p : X → X//G, as well as the
natural map β : X//G → X//G, as in Figure 2. As we will see later in the example of
Section 5, the map β may not be surjective nor injective. However, under some extra
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hypotheses, we can still have some information on the surjectivity and injectivity of the
map. We begin by considering in Section 3.1 the case when G is the compact real form
of G, and where β is a homeomorphism onto its image. Then, in Section 3.2, we prove
that we can lift neat points of (X//G)(R) to quotients of the form X ′//G′, but maybe
after changing the real forms X and G. Finally, in Section 3.3, we construct a bijection
between the lifts of a point of (X//G)(R) to X//G and a subset of some cohomology set.
3.1. The compact real form. We suppose here that G = K is the compact real form
of G. Then, all the G-orbits of X are compact, and the quotients X/G and X//G are
the same. We are going to prove that, in this case, the quotient X//G is homeomorphic
to its image by the map β : X//G → X//G. We will use the following lemma, proven
by Birkes in [Bir71] for a general real form G. In the original paper it is stated for the
ambient vector spaces V and a real form V , but the result generalizes immediately to
our setting.
Lemma 3.1 (Corollary 5.3 of [Bir71]). Let x ∈ X be such that G · x is closed in X.
Then, G · x is closed in X.
Proposition 3.2. If G = K is the compact form of G, then the natural map X/K →
X//G is a homeomorphism onto its image.
Proof. Since K is compact, all the K-orbits of X are compact, and so the topological
quotient X/K is Hausdorff. Hence, the projection X/K → X//K is a homeomorphism.
By an abuse of language, we will identify these two spaces, and let β : X/K → X//G be
the natural map, which is a continuous map between locally compact Hausdorff spaces.
By [RS90, Proposition 7.4], we know that β is proper. Thus, in order to prove the
statement it only remains to prove that β is injective.
Let x1, x2 ∈ X such that β(Kx1) = β(Kx2). Since Kx1 and Kx2 are compact, they
are closed in X, and hence, by Lemma 3.1, Gx1 and Gx2 are closed in X. Thus, for
i ∈ {1, 2}, β(Kxi) is the closed orbit Gxi and hence x2 ∈ Gx1. By [RS90, Proposition
8.3.1], Gx1 ∩X = Kx1, so x2 ∈ Kx1 and Kx1 = Kx2, which proves the injectivity of β.

Remark 3.3. The statement of Proposition 3.2 was already proven by Florentino and
Lawton in [FL13, Proposition 4.5] in the setting of quiver representations, that contains
the case of character varieties that we discuss later. The main tool in their work for
proving injectivity is the polar decomposition.
3.2. Lifting real neat points. We know that the image of the map β : X//G→ X//G
is contained in the set of real points of X//G. Conversely, we would like to lift points
of (X//G)(R) to points of X//G. We are going to prove that we can do it under two
conditions. First, we need to assume that the point is neat and, second, we need to
allow to recover different real forms X ′ of X and G′ of G. We also make the additional
assumption that Z(G) acts trivially on X.
Definition 3.4. Consider an action of G on X. We say that a point x ∈ X is neat if
the three following conditions hold.
(1) The point x ∈ X is regular.
(2) The orbit G · x is closed in X.
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(3) The stabilizer of x in G is Z(G).
Remark 3.5. If the center of G is finite, then a neat point is also a stable point, in the
sense of [Bri10, Definition 1.25].
Definition 3.6. Let x ∈ X//G. We say that x is neat if there is a neat point x ∈ X
such that x = pi(x).
The following proposition states that we can lift real neat points of X//G to real forms
of the component of x, stable by an action of a real form of G. A similar proof of this
statement can be found in [JM87, Page 68] in the particular case of a character variety.
Theorem 3.7. Let x ∈ X be a neat point such that pi(x) ∈ (X//G)(R). Let Y ⊂ X be
the irreducible component of x. Then, there exist real forms G′ of G and Y ′ of Y such
that G′ is a twisted form of G, x ∈ Y ′ and Y ′ is G′-stable.
Proof. Since pi(x) = pi(x), we have pi(x¯) = pi(x) = pi(x). Thus, there exists h ∈ G such
that x = h · x¯. We have
x¯ = h¯ · x
h · x¯ = hh¯ · x
x = hh¯ · x
Since x is neat, hh¯ ∈ Z(G). Now, define
θ :
G→ G
g → hg¯h−1 σ :
X→ X
u→ h · u¯
We claim that θ and σ are compatible antiholomorphic involutions. Indeed, since
hh¯ ∈ Z(G) and Z(G) acts trivially on X, we have, for g ∈ G and u ∈ X
θ ◦ θ(g) = θ(hg¯h−1) σ ◦ σ(u) = σ(h · u¯)
= (hh¯)g(hh¯)−1 = hh¯ · u
= g = u
Furthermore, θ(g) · σ(u) = hg¯h−1 · (h · u¯) = h · (g · u) = σ(g · u).
LetG′ ⊂ G andX ′ ⊂ X be the fixed points of θ and σ respectively, and let Y ′ = Y∩X ′.
Since x ∈ Y is fixed by σ, we have x ∈ Y ′. Moreover, since θ and σ are compatible, X ′
and Y ′ are G′-stables. By the definition of G′, we know that it is a twisted form of G.
It only remains to check that Y ′ is a real form of Y, which follows from Proposition 2.5,
since Y is irreducible and x ∈ Y ′ is a regular point. 
Remark 3.8. On the one hand, if X = V is a vector space, then it is irreducible, so
Y = V and Y ′ is a real form of V. On the other hand, if X is G-equivariantly embedded
in a vector space V, Theorem 3.7 gives real forms V ′ of V and Y ′ of Y that are stable
by G′. Thus, we can consider the set X ′ of fixed points of σ in X, that is G′-invariant
and satisfies Y ′ ⊂ X ′ ⊂ V ′. However, X ′ might not be a real form of X in the sense of
Definition 2.4.
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Remark 3.9. If we consider the rings of functions instead of the points of the varieties,
then the induced action of σ on C[X] is given by f 7→ σ(f), where σ(f) : x 7→ f(σ(x)).
Let C[X]σ be the set of fixed points of σ for this action. Then, C[X]σ is an R-algebra
such that C[X]σ ⊗R C = C[X].
3.3. The number of lifts. By the work of Richardson and Slodowy in [RS90], we know
that the projection β : X//G→ X//G has finite fibers. In this section, we will relate the
fiber of a point with some cohomological invariant of a stabilizer.
3.3.1. The first non-Abelian cohomology set. We keep our setting, with G a real form of
G. The complex conjugation induced by G is precisely an action of the Galois group
Gal(C/R) on G. A cocycle for this action is a function f : Gal(C/R)→ G such that for
all σ, τ ∈ Gal(C/R) we have f(στ) = f(σ) σ(f(τ)). Observe that this is equivalent to
the choice of the image g ∈ G of the non-trivial element of Gal(C/R), that must satisfy
gg¯ = id. A coboundary for the action is a map of the form σ 7→ h−1σ(h) for some h ∈ G;
this corresponds to the elements g ∈ G that can be written as h−1h¯. We can define
the first cohomology set (that may not have a group structure if G is not Abelian) as
the pointed set of cocycles modulo coboundaries. We follow Section 5.1 of Serre’s book
[Ser94] for the following definition.
Definition 3.10. If τ is an antiholomorphic involution of G defining a real form G. The
first cohomology set of Gal(C/R) is the set
H1τ (Gal(C/R),G) = {g ∈ G | g τ(g) = id}/ ∼
where g1 ∼ g2 if there exists h ∈ G such that g1 = h−1g2 τ(h).
Remark 3.11. This definition depends on the real form G and the involution τ . For
example, on the one hand, Hilbert’s Theorem 90 states that H1(Gal(C/R), SLn(C))
is trivial for the usual complex conjugation of the real form SLn(R). On the other
hand, if τ : M 7→ tM¯−1 is the involution defining SU(n), one can show that there is a
one-to-one correspondence between H1τ (Gal(C/R), SLn(C)) and the set of signatures of
non-degenerate Hermitian forms, and hence contains n+ 1 elements.
In the rest of the section, we will write g¯ for τ(g) and not write the subindex τ in the
H1 to avoid heavy notation. However, the reader should keep in mind that the objects
depend on the real forms and complex conjugations chosen.
3.3.2. A map from orbits to cohomology sets. Let x ∈ X be such that Gx is closed in X
(and hence, by Lemma 3.1, Gx is also closed in X). Let Gx be the stabilizer of x in G.
Observe that the cardinal of the fiber β−1(β(p(x))) ⊂ X//G is the number of G-orbits
for the action of G on Gx ∩ X. Now, we construct a map from this set of orbits to
H1(Gal(C/R),Gx). First, define the map
ϕ˜ :
Gx ∩X → H1(Gal(C/R),Gx)
g · x 7→ [g−1g¯]
Lemma 3.12. The map ϕ˜ is well defined.
Proof. Let g ∈ G such that g · x ∈ X. Hence, g¯ · x = g¯ · x¯ = g · x = g · x, so
g−1g¯ ∈ Gx. Moreover, g−1g¯ is a cocycle, so the class [g−1g¯] is a well defined element in
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H1(Gal(C/R),Gx). It remains to check that if h ∈ G is such that h · x = g · x, then
[h−1h¯] = [g−1g¯]. If h is such an element, then s = g−1h ∈ Gx, and h−1h¯ = s−1g−1g¯s¯, so
[h−1h¯] = [g−1g¯] and ϕ˜ is well defined.

Lemma 3.13. The map ϕ˜ is constant on G-orbits.
Proof. Let g ∈ G such that g·x ∈ X, and let h ∈ G. Then (hg)−1hg = g−1h−1h¯g¯ = g−1g¯,
so ϕ˜(h · (g · x)) = ϕ˜(g · x). 
Thus, the map ϕ˜ factors through the space of orbits to a map
ϕ : (Gx ∩X)/G→ H1(Gal(C/R),Gx).
Proposition 3.14. The map ϕ is injective.
Proof. Let g, h ∈ G such that g · x ∈ X, h · x ∈ X and ϕ˜(g · x) = ϕ˜(h · x). Hence,
[h−1h¯] = [g−1g¯]. So, maybe after multiplying h by an element of Gx, we can suppose
that h−1h¯ = g−1g¯. Thus, h¯g¯−1 = hg−1 ∈ G, and therefore g ·x and h ·x = (hg−1) · (g ·x)
are in the same G-orbit. 
Since the stabilizer of a neat point is the center ofG, we obtain the following corollary.
Corollary 3.15. Suppose that H1(Gal(C/R), Z(G)) is trivial. Then the restriction of
the map β : X//G→ X//G to the neat points is injective.
Remark 3.16. The condition of Corollary 3.15 holds for the groups GLn(C), SLn(C)
and SO2m+1(C) for the usual complex conjugation. It also holds for SL2m+1(C) for the
twisted real forms of SU(2m+ 1).
Proposition 3.17. If H1(Gal(C/R),G) is trivial, then ϕ is surjective.
Proof. Let h ∈ Gx such that hh¯ = id (i.e. a cocycle in Gx). Since the condition of
being a cocycle does no depend on the ambient group, h is also a cocycle in G. Since
H1(Gal(C/R),G) is trivial, there exists g ∈ G such that h = g−1g¯. We have g · x =
g¯ · x¯ = g¯ · x = gh · x = g · x, so g · x ∈ X and ϕ˜(g · x) = [h]. Thus, ϕ is surjective. 
Remark 3.18. By Hilbert’s Theorem 90, if G is GLn(C) or SLn(C), and G is GLn(R) or
SLn(R), then the cohomology set H1(Gal(C/R),G) is trivial. In that case, ϕ induces a
one-to-one correspondence between the fiber β−1(β(p(x))) and H1(Gal(C/R),Gx).
4. Application to character varieties
A broadly studied class of complex GIT quotients that are useful for studying finitely
generated groups and moduli spaces of geometric structures are character varieties. For
a finitely generated group Γ and a complex reductive group G, they are defined as
XG(Γ) = Hom(Γ,G)//G, where G acts by conjugation. We recall below the general
setting and definition, but we refer to the survey of Sikora [Sik12] and the references
within for a more complete exposition.
In our general notation, we will have X = Hom(Γ,G), and given a real form G of G,
the corresponding real form will be then X = Hom(Γ, G). We recall below some known
facts about character varieties when G is a classical complex group. Note that in most
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cases, the trace functions generate the ring of invariant functions, so it is not difficult to
compute the complex conjugation of X//G, even in explicit examples.
In [CFLO14, Proposition 6.1], Casimiro, Florentino, Lawton and Oliveira observe that
te points of Hom(Γ, G) are projected to the real points XG(Γ)(R). We deal here with the
converse statement of lifting real characters to representations with values in real forms.
Lifting real points of the a character variety XG(Γ) to Hom(Γ, G) had already been
considered by Johnson and Millson in [JM87] for the groups G = SO(n, 1). The author
has also studied lifting of real points of SLn(C)-character varieties in [Aco19a], while
carefully describing the example Γ = Z/3Z ∗ Z/3Z, and has proven the lifting property,
by considering independently each case, for the complex groups GLn(C), SLn(C), On(C),
SOn(C) or Sp2n(C) in [Aco19b]. Theorem 4.1 generalizes all the results.
4.1. Character varieties as GIT quotients. Let Γ be a finitely generated group and
G be a complex reductive algebraic group. If (γ1, . . . , γs) is a set of generators for Γ, the
set Hom(Γ,G) of representations of Γ into G can be identified with a subset of Gs via
the injective map
Hom(Γ,G)→ Gs
ρ 7→ (ρ(γ1), . . . ρ(γs)).
The image of this map is the subset of Gs for which the elements satisfy the relations of
Γ. In this way, Hom(Γ,G) is given by polynomial equations and is a subvariety of Gs.
The group G acts algebraically on Gs by simultaneous conjugation, and the subvariety
Hom(Γ,G) is stable for this action. Thus, we can consider the G-character variety of Γ,
that is the GIT quotient
XG(Γ) = Hom(Γ,G)//G.
Recall that a subgroup H of G is irreducible it is not contained in any proper par-
abolic subgroup of G, and completely reducible if for every parabolic subgroup P of G
containingH there is a Levi subgroup L of P such thatH ⊂ L. Then, as stated in [Sik12,
Theorem 30], the closed orbits of this action are precisely the ones of completely reducible
representations, meaning that their image in G is a completely reducible subgroup.
Observe that if G is a linear group, the trace functions, defined as ρ 7→ tr(ρ(γ)) for
some γ ∈ Γ, are invariant functions on Hom(Γ,G). For most of classical groups G,
the character variety XG(Γ) can be identified with a subvariety of some Cm using trace
functions. This justifies the terminology, as well as the name character map for the
projection χ : Hom(Γ,G) → XG(Γ), that we write ρ 7→ χρ. Indeed, whenever G is a
classical complex group, such as GLn(C), SLn(C), On(C), SOn(C) or Sp2n(C), there
are known families of generators for the ring of invariant functions C[Hom(Γ,G)]G '
C[XG(Γ)]. Procesi proves in [Pro76] that the trace functions generate the ring of invariant
functions for the groups GLn(C) and SLn(C) (Theorem 1.3), as well as On(C) (Theorem
7.1) and Sp2n(C) (Theorem 10.1). Moreover, he gives a (very large) generating set of the
ring of invariant functions depending on a generating set for Γ. More efficient generating
sets are given by Sikora in [Sik13], where he also proves that the trace functions are
generators for SO2n+1(C)-character varieties.
For SO2n(C)-representations, the set of trace functions does no longer generate the
ring of invariant functions, as pointed out by Sikora in [Sik17]. However, following
[Sik13], the ring C[Hom(Γ, SO2n(C))]SO2n(C) is generated by the trace functions and by
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the functions Qγ1,...,γn , which are defined as follows for γ1, . . . , γn ∈ Γ. Consider the
function Q2n : (M2n(C))n → C, defined by
Q2n(A1, . . . , Am) =
∑
σ∈S2m
(σ)
m∏
i=1
((Ai)σ(2i−1)σ(2i) − (Ai)σ(2i)σ(2i−1)).
Observe that the functionQm is invariant under SO2n(C)-conjugation, but not by O2n(C)-
conjugation. Hence, functionQ2n induces an invariant functionQγ1,...,γn on Hom(Γ, SO2n(C))
defined by
Qγ1,...,γn(ρ) = Q2n(ρ(γ1), . . . , ρ(γn)).
We consider also the real points of G, Hom(Γ,G) and XG(Γ), given by a real form G
of G and its action on Hom(Γ, G). Observe that two twisted real forms give the same
antiholomorphic involution on XG(Γ).
The real forms of the classical groups are defined by involutions of the form A 7→
JA¯J−1 or A 7→ J tA¯−1J−1 (see for example the classification in [OV94]). Observe that
they are all twisted for all the groups except SLn(C) and GLn(C), where the two classes
are different. By Proposition 2.11, these involutions induce two real structures on XG(Γ),
defined by involutions Φ1 and Φ2. On the one hand, using trace functions (and possibly
functions of the form Qγ1,...,γn) as coordinates to embed XG(Γ) into some Cm, the invo-
lution Φ1 is induced by the usual complex conjugation on Cm. On the other hand, the
involution Φ2, for GLn(C) and SLn(C) is given as follows. Let γ1, . . . , γs ∈ Γ be such
that the map
Hom(Γ,G)→ C2s
ρ 7→ (tr(ρ(γ1)), . . . , tr(ρ(γs)), tr(ρ(γ−11 )), . . . , tr(ρ(γ−1s )))
induces an embedding of XG(Γ) into C2s. Then Φ2 is induced by the map
C2s → C2s
(z1, . . . , zs, w1, . . . , ws) 7→ (w¯1, . . . , w¯s, z¯1, . . . z¯s)
.
Whenever the real form G of one of the complex groups is the compact real form,
the topological quotient Hom(Γ,K)/K is also compact. When K = SU(n), Procesi and
Schwartz prove in [PS85] that Hom(Γ, G)/G is a semi-algebraic set. Furthermore, if K
is a maximal compact subgroup of a complex or real algebraic reductive group G, some
recent results prove there is a strong deformation retraction from the set Hom(Γ,G)//G
to the quotient Hom(Γ,K)/K. This fact is proven for Abelian groups by Florentino
and Lawton in [FL14], for free groups by Casimiro, Florentino, Lawton and Oliveira in
[CFLO14], and for nilpotent groups by Bergeron in [Ber15].
4.2. Lifting good characters. Consider a classical complex group G and a real char-
acter χρ ∈ XG(Γ) for one of the involutions Φ1 or Φ2 defined above. We are going to
use Theorem 3.7 to lift χρ to a representation ρ′ with values in some real form G′ of G,
up to G′-conjugation. To do so, we first need a condition implying that the character is
neat in the sense of Definition 3.6.
The notion that seems adapted in this setting is the one of a good representation.
Following Sikora in [Sik12, Sections 3 and 4] and Johnson and Millson in [JM87], a
representation ρ ∈ Hom(Γ,G) is good if its G-orbit is closed and the stabilizer of ρ in G
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is the center of G. These conditions are precisely conditions (2) and (3) of Definition 3.4,
so a representation ρ ∈ Hom(Γ,G) is a neat point in this sense if and only if it is good
and a regular point of Hom(Γ,G).
Furthermore, if a representation is good then it is irreducible, but the converse is not
always true. A convenient notion that implies goodness is the Ad-irreducibility. Let
g be the Lie algebra of G. Then, the adjoint representation of G induces a natural
map Hom(Γ,G) → Hom(Γ,GL(g)). We say that a representation ρ ∈ Hom(Γ,G) is
Ad-irreducible if Ad ◦ρ : Γ→ GL(g) is irreducible. Thus, we have, for ρ ∈ Hom(Γ,G),
ρ is Ad -irreducible =⇒ ρ is good =⇒ ρ is irreducible.
The first implication is given by Schur’s lemma, and the three statements are equivalent
ifG is GLn(C) or SLn(C). However, as pointed out by Sikora in [Sik12, Section 4], for the
other classical complex groups there are irreducible representations that are not good.
Observe also that, if G ⊂ GLn(C) is a linear irreducible subgroup, then ρ ∈ Hom(Γ,G)
is Ad-irreducible if and only if it is irreducible when seen as a representation with values
in GLn(C). Considering good representations, we prove the following theorem for lifting
good real characters to representations with values in a real form.
Theorem 4.1. Let Γ be a finitely generated group and G a connected complex reductive
algebraic group. Let Φ be an antiholomorphic involution of XG(Γ) induced by a real form
G of G. Let ρ ∈ Hom(Γ,G) be a good representation such that Φ(χρ) = χρ. Then, there
exists a real form G′ of G such that ρ ∈ Hom(Γ, G′).
Proof. We can suppose, without lost of generality, that Γ is a free group. Indeed, if
we fix a set of generators for Γ and Γ′ is the free group on these generators, we have
the closed G-equivariant immersion Hom(Γ,G) ↪→ Hom(Γ′,G). Thus, we have also an
inclusion XG(Γ) ⊂ XG(Γ′). Hence, if, given a real character χρ ∈ XG(Γ), we can lift it
to ρ′ ∈ Hom(Γ′, G′) for some real form G′ of G, then the lift will be in Hom(Γ, G′).
Now, note that if Γ is a free group of order s, then Hom(Γ,G) ' Gs is irreducible,
and all its points are regular. Since we suppose that ρ is good, it is a neat point of
Hom(Γ,G). Thus, we can apply Theorem 3.7, and obtain real forms G′ of G and Y ′
of Hom(Γ,G) such that G′ is a twisted form of the original real form G of G, Y ′ is
G′-invariant and ρ ∈ Y ′. Furthermore, there is h ∈ G such that G′ is the set of fixed
points of the involution g 7→ hg¯h−1 and Y ′ is the set of fixed points of the involution
ρ′ 7→ h · ρ¯′. Since G acts by conjugation, Y ′ is precisely Hom(Γ, G′). 
Since we can apply the previous theorem for classical complex groups and the fact of
being good is implied by Ad-irreducibility, we obtain immediately the following corollary.
Corollary 4.2. Let G be a classical complex group. Let Φ = Φ1 or Φ2 be an antiholo-
morphic involution of XG(Γ). Let ρ ∈ Hom(Γ,G) be an Ad-irreducible representation
such that Φ(χρ) = χρ. Then, there exists a real form G′ of G such that ρ ∈ Hom(Γ, G′).
Moreover, G′ is a twisted form of the split real form of G if Φ = Φ1 and a twisted form
of the compact real form of G if Φ = Φ2.
5. A detailed example
We study here the particular example of the SL3(C)-character variety of Z, that we
write XSL(3,C)(Z). Since Hom(Z,SL3(C)) ' SL3(C), this variety is the GIT quotient
ON GIT QUOTIENTS AND REAL FORMS 17
Semisimple element Stabilizer in SL3(C)(
a 0 0
0 b 0
0 0 (ab)−1
) {(
u 0 0
0 v 0
0 0 (uv)−1
)
| u, v ∈ C∗
}
' (C∗)2(
a 0 0
0 a 0
0 0 a−2
) {(
M 0
0 det(M)−1
)
|M ∈ GL2(C)
}
' GL2(C)(
a 0 0
0 a 0
0 0 a
)
SL3(C)
Table 1. Stabilizers of diagonal matrices in SL3(C).
of SL3(C) by its inner automorphisms. We identify first the complex character variety,
isomorphic to C2, and describe its real points for the two antiholomorphic automorphisms
induced by the real forms of SL3(C). Then, we study the link between those real points
and the real GIT quotients for the real forms SL3(R), SU(3) and SU(2, 1).
In order to avoid heavy notation, we keep the general terms for GIT quotients. There-
fore, we let X = Hom(Z,SL3(C)) ' SL3(C) and G = SL3(C). The group G will be one
of the real forms SL3(R), SU(3) or SU(2, 1), and X = Hom(Z, G) ' G.
5.1. The complex character variety. We are going to identify the character variety
XSL(3,C)(Z) with C2, as the image of the map M 7→ (tr(M), tr(M−1)). First, observe
that if M ∈ SL3(C), its characteristic polynomial is X3 − tr(M)X2 + tr(M−1)X − 1, so
the function tr(Mk) is a polynomial in tr(M) and tr(M−1) for all k ∈ Z by the Newton
identities. Since the SL3(C)-invariant functions of Hom(Γ, SL3(C)) are generated by
the trace functions, they are generated by tr(M) and tr(M−1). Moreover, the map
M 7→ (tr(M), tr(M−1)) is surjective, so XSL(3,C)(Z) is isomorphic to C2.
Note also that the orbit of M ∈ SL3(C) by conjugation is closed if and only if M
is diagonalizable. Thus, the closed orbits are classified by the spectrum counted with
multiplicity; a lift in SL3(C) of the point (z, w) ∈ C2 is a diagonal matrix with entries
the roots of X3 − zX2 + wX − 1.
There are three types of closed orbits, depending on the multiplicities of the eigen-
values. The corresponding stabilizers, that we will use to determine the number of lifts
of real points, are in Table 1. Note that there are no neat points, since no stabilizer is
trivial.
5.2. Real forms of SL(3,C). Up to inner automorphisms, there are three real forms of
SL3(C), namely SL3(R), SU(3) and SU(2, 1). The corresponding complex conjugations
are, respectively, the usual complex conjugation M 7→ M¯ and the involutions τ1 and τ2
given by
τ1(M) =
tM¯−1 and τ2(M) = I2,1tM¯−1I2,1
where I2,1 =
(
1 0 0
0 1 0
0 0 −1
)
. The usual complex conjugation induces, in XSL(3,C)(Z) ' C2, the
involution Φ1 : (z, w) 7→ (z¯, w¯), while τ1 and τ2 both induce the involution Φ2 : (z, w) 7→
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(w¯, z¯). Hence, for the fixed points of these involutions, we have:
XSL(3,C)(Z)Φ1 ' {(z, w) ∈ C2 | z, w ∈ R} ' R2
XSL(3,C)(Z)Φ2 ' {(z, w) ∈ C2 | w = z¯} ' C
In order to have some information on the fibers of the β maps, we compute the first
cohomology sets of the stabilizers of diagonalizable matrices.
Lemma 5.1. Let H ⊂ SL3(C) be one of the groups of Table 1, and τ : SL3(C)→ SL3(C)
be either the usual complex conjugation or one of the involutions τ1 or τ2. Then, the
cardinal of H1τ (Gal(C/R),H) is the value given in Table 2.
Proof. If τ is the usual complex conjugation, and H is one of the groups of Table 1, then
the action of τ on H is the usual complex conjugation. Hence, by Hilbert’s Theorem 90,
H1τ (Gal(C/R),H) is trivial.
We deal now with the involutions τ1 and τ2. Let J ∈ GL3(C) be a diagonal matrix
with entries equal to ±1. Let τ : M 7→ J tM¯−1J be an antiholomorphic involution, so
τ = τ1 if J = Id and τ = τ2 if J = I2,1. We have three cases, depending on H.
First case: H = (C∗)2: A straightfoward computation gives that τ(u, v) = (u¯−1, v¯−1),
so the set of cocycles is (R∗)2. Moreover, (r, s) ∼ (r′, s′) if and only if rr′ > 0 and ss′ > 0.
Thus, H1τ (Gal(C/R),H) ' Z/2Z× Z/2Z. Observe that, since (C∗)2 is Abelian, we have
a cohomology group.
Second case: H = SL3(C): In this case, a cocycle is given by matrix M ∈ SL3(C)
such that Mτ(M) = Id, i.e. such that MJ is Hermitian. Two such matrices M and M ′
are equivalent if and only if there is N ∈ SL3(C) such that N(MJ)tN¯ = M ′J , which is
equivalent to say that the non-degenerate Hermitian forms MJ and M ′J are equivalent.
Since Hermitian forms are classified by their signature, there are exactly 4 equivalence
classes in H1τ (Gal(C/R),H).
Third case: H = GL2(C): Let J ′ be the upper left 2 × 2 block of J . The restriction
to this blocks gives an action of τ on GL2(C) by M 7→ J ′tM¯−1J ′. By an analogous
computation as the one of the second case, there is a one-to-one correspondence between
H1τ (Gal(C/R),H) and the signatures of non-degenerate 2× 2 Hermitian matrices. Thus,
|H1τ (Gal(C/R),H)| = 3.

5.3. Real points for SL(3,R). We deal first with the real form SL3(R), and the usual
complex conjugation. In our general notation, we have X = Hom(Z, SL3(R)) ' SL3(R)
and G = SL3(R), while X = Hom(Z,SL3(C)) ' SL3(C) and G = SL3(C). We identify
X//G with C2, using the traces of a matrix and its inverse. Hence, the map pi|X is given
by
pi|X :
Hom(Z, SL3(R))→ (X//G)(R) ' R2
M 7→ (tr(M), tr(M−1))
Recall that the projection p : Hom(Z,SL3(R))→ Hom(Z,SL3(R))//SL3(R) is surjective,
and that we have a natural map β : X//G→ (X//G)(R) satisfying
pi|X = β ◦ p.
Proposition 5.2. The map β : Hom(Z,SL3(R))//SL3(R)→ R2 is a homeomorphism.
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Involution τ Subgroup H ⊂ SL3(C) |H1τ (Gal(C/R),H)|
(C∗)2 1
M 7→ M¯ GL2(C) 1
SL3(C) 1
(C∗)2 4
τ1 or τ2 GL2(C) 3
SL3(C) 4
Table 2. Cardinality of the first cohomology sets of stabilizers of diago-
nal matrices in SL3(C).
Proof. Since β is continuous and proper, and R2 is locally compact and Hausdorff, we
only need to prove that β is bijective.
First, we prove the surjectivity of β. Let (r, s) ∈ R2, and consider the companion
matrixM =
(
0 0 1
1 0 −s
0 1 r
)
∈ SL3(R). The characteristic polynomial ofM isX3−rX2+sX−1,
so tr(M) = r and tr(M−1) = s. Hence, pi(M) = (r, s) and pi|X is surjective. Since
pi|X = β ◦ p, we obtain the surjectivity of β.
Now, we prove that β is injective. Let (r, s) ∈ R2. We constructed, in Section 3.3, an
injective map ϕ from β−1((r, s)) to H1(Gal(C/R),GM ), where GM is the stabilizer in
SL3(C) of a diagonalizable matrixM ∈ pi−1((r, s)). The possible groupsGM are listed in
Table 1, and are isomorphic to (C∗)2, GL2(C) or SL3(C). Note that the induced complex
conjugation on these subgroups is the usual complex conjugation. By Hilbert’s Theorem
90, we know that the cohomology sets H1(Gal(C/R), (C∗)2), H1(Gal(C/R),GL2(C)) and
H1(Gal(C/R),SL3(C)), computed for the usual complex conjugation, are trivial. Hence,
in all the cases, the injective map ϕ has a singleton as target. Thus, all the fibers of β
are singletons, i.e. β is injective. 
5.4. Real points for SU(3). We consider here the real form G = SU(3), acting on X =
SU(3) by conjugation. The corresponding complex conjugation is τ1. By Proposition 3.2,
we know that the map β : X//G→ C is a homeomorphism onto its image. Observe that
the eigenvalues of a matrix in SU(3) have modulus 1, and that given a, b, c ∈ C∗ of
modulus 1 and such that abc = 1, the diagonal matrix with entries (a, b, c) is unitary.
Therefore, the image of β is precisely the set of z ∈ C such that X3 − zX2 + z¯X − 1
has all its roots of modulus 1. By considering the resultant of this polynomial and its
derivative we obtain the following function defined by Goldman in [Gol99, Section 6.2.3]
(∗) f(z) = |z|4 − 8 Re(z3) + 18|z|2 − 27.
Hence, the image of β is the set f−1(R−), which is the inner part of the curve of Figure 3.
Therefore, the SU(3)-character variety for Z is homeomorphic to a closed triangle.
We make a last observation about the map ϕ defined in Section 3.3, that is an injective
map from the fibers of β to the first cohomology set of the corresponding stabilizer. Since
here β is bijective, the image of ϕ is always a singleton. However, the possible stabilizers
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Figure 3. The zero level set of f .
are given in Table 1, and the corresponding cohomology sets, given in Table 2 have
cardinal 3 or 4. Thus, the map ϕ is never surjective in this case.
5.5. Real points for SU(2,1). We consider now the action by conjugation of G =
SU(2, 1) on the space X = Hom(Z,SU(2, 1)) ' SU(2, 1). The group SU(2, 1) acts by
isometries on the complex hyperbolic space H2C, so its elements can be classified by
their dynamics. In order to understand the different quotients of Hom(Z,SU(2, 1)) by
conjugation, we begin by describing the elements of SU(2, 1).
Elements of SU(2,1) up to conjugation. The elements of SU(2, 1) can be classified, up
to conjugation in SU(2, 1), by their dynamics on the complex hyperbolic plane. See for
example Chapter 6 of Goldman’s book [Gol99] or the thesis of Genzmer [Gen10]. We
will give a representative of each conjugacy class. For clearness on the representatives,
we will use two different Hermitian forms Ψ. They are given by the matrices
H1 =
(
1 0 0
0 1 0
0 0 −1
)
H2 =
(
0 0 1
0 1 0
1 0 0
)
Elliptic elements. If an element U ∈ SU(2, 1) has an eigenvector v such that Ψ(v) < 0, U
is called elliptic. When considering the Hermitian form H1, it is conjugated in SU(2, 1)
to a matrix of the form
E(a,b,c) =
(
eia 0 0
0 eib 0
0 0 eic
)
where a, b, c ∈ R and a + b + c = 0. If a, b and c are considered modulo 2pi, two such
matrices E(a,b,c) and E(α′,β′,γ′) are conjugated in SL3(C) if and only if (a′, b′, c′) is a
permutation of (a, b, c). However, they are conjugated SU(2, 1) if and only if c = c′ and
(a′, b′) = (a, b) or (b, a). The nontrivial implication in this last claim is given by the
following lemma.
Lemma 5.3. Let E˜ ⊂ SU(2, 1) be the set of elliptic elements. For U ∈ E˜, let eig−(U) be
the eigenvalue of U for an eigenvector v such that Ψ(v) < 0. Then eig− : E˜ → S1 is a
well defined continuous function that is invariant by SU(2, 1)-conjugation.
Proof. First, observe that if U ∈ E˜ and v1, v2 ∈ C3 are eigenvectors such that Ψ(v1) ≤
0 and Ψ(v2) ≤ 0, then they have the same eigenvalue, which has modulus 1. Thus,
the function eig− : E˜ → S1 is well defined. Since SU(2, 1)-conjugation preserves the
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eigenvalues and the sign of Ψ on eigenvectors, the function is invariant by conjugation.
It only remains to prove that it is continuous.
We reason by contradiction. Suppose that (Un)n∈N is a sequence of E˜ converging to
U ∈ E˜ such that eig−(Un) 6→ eig−(U). Consider eigenvectors vn for Un in the unit sphere
of C3 such that Ψ(vn) < 0. Since S1 and the unit sphere of C3 are compact, maybe
after taking a subsequence we can suppose that vn → v ∈ C3 and that eig−(Un)→ λ 6=
eig−(U). Furthermore, we have Ψ(v) ≤ 0. But since Unvn = eig−(Un)vn, we obtain that
Uv = λv. Since U ∈ E˜ , we obtain that λ = eig−(U), which is a contradiction. 
Loxodromic and parabolic elements. If one of the eigenvalues of U has modulus 6= 1,
then, when considering the Hermitian form H2, U is called loxodromic and is conjugated
in SU(2, 1) to a matrix of the form
Lλ =
(
λ 0 0
0 λ/λ 0
0 0 λ
−1
)
where λ ∈ C has modulus < 1. If |λ| = 1, we still have a unitary element for the
Hermitian form H2 with a double eigenvalue, that is elliptic. If U is not elliptic nor
loxodromic, it is called parabolic, and is conjugated in SU(2, 1) to
Pα,z,t = e
iα
(
1 −e−3iαz − 1
2
(|z|2+it)
0 e−3iα z
0 0 1
)
where α, t ∈ R and z ∈ C.
Real points of the complex GIT quotient. Recall, from Section 5.2, that the character
variety XSL(3,C)(Z) is isomorphic to C2. The fixed points for the involution induced
by SU(2, 1) are the points of the form (z, z¯), that we identify with C using the first
projection. Then, the corresponding projection map pi : SU(2, 1) → C is precisely the
trace. By considering the representatives of elliptic and loxodromic elements, we obtain
that tr : SU(2, 1)→ C is surjective. Thus, XSU(2,1)(Z) ' C, and the map β : X//G→ C
is surjective.
The real GIT quotient. We study now the real GIT quotient X//G. Observe that the
closed orbits for the SU(2, 1)-action, which correspond to diagonalizable elements, are
precisely the ones of elliptic and loxodromic elements. Let L and E be the subsets of
X//G obtained by projecting the loxodromic and elliptic elements of SU(2, 1) respectively.
Thus, we have a disjoint union X//G = L ∪ E . We study now the topology of L and E .
Proposition 5.4. We have L ' {λ ∈ C∗ | |λ| < 1}.
Proof. By the description given above, the set {Lλ | λ ∈ C∗, |λ| < 1} contains exactly
one representative of each SU(2, 1) conjugacy class. 
Proposition 5.5. The space E is homeomorphic to a projective plane minus an open
disk.
Proof. Since all elliptic elements are diagonalizable, we know that E is precisely the space
of SU(2, 1)-orbits of elliptic elements. Recall that we gave an explicit representative of
the form E(a,b,c) of each conjugacy class. We parametrize the elliptic elements E(a,b,c)
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Figure 4. The space E .
by (a, b) ∈ [0, 2pi]2, so there is at least an element in each conjugacy class. In order to
obtain E , we need to do the following identifications:
(a, b) ∼ (b, a) (0, b) ∼ (2pi, b) (a, 0) ∼ (a, 2pi)
We obtain a real projective plane minus a disk, as in Figure 4. 
In oder to complete the description of X//G = L∪E , it only remains to understand the
gluing of L and E along their boundaries. The boundaries of L and E correspond to the
matrices having a double eigenvalue. In the parametrization of L by {λ ∈ C∗ | |λ| < 1},
the boundary is {λ ∈ C | |λ| = 1}, and corresponds to elliptic and ellipto-parabolic
elements. An elliptic element with a double eigenvalue is conjugated to either E(a,a,−2a)
(called reflection on a point) or E(a,−2a,a) (called reflection on a line). On the one hand,
a reflection on a point cannot be a limit of loxodromic elements, since it has an isolated
fixed point [v] ∈ CP2 such that Ψ(v) < 0. On the other hand, when λ → eia, Lλ
converges to an elliptic element with a double eigenvalue eia, conjugated to E(a,−2a,a).
Thus, the identification of the boundaries of L and E is given by identifying the point
of parameter eia with the orbit of E(a,−2a,a). We deduce a full description of the space
X//G. A picture of the gluing is given in Figure 6.
Proposition 5.6. The space X//G is homeomorphic to the gluing of a real projective
plane RP2 minus an open disk together with a punctured disk. The gluing is along a
circle in the nontrivial class of pi1(RP2). In particular, X//G is not a manifold and has
a boundary homeomorphic to S1.
Proof. The only remaining point is to identify the points of E coming from the orbits of
E(a,−2a,a). It is a circle which is not homotopically trivial, drawn in Figure 5, that cuts
E into three triangles. 
The quotient map. We consider now the map β : X//G→ C and the cardinal of its fibers;
the behavior of the map and its fibers is quite curious. The function f defined in (∗) is
useful to identify the type of an element by its trace.
Proposition 5.7 (Theorem 6.2.4 of [Gol99]). Let U ∈ SU(2, 1). Then
• The element U is loxodromic if and only if f(tr(U)) > 0.
• If U is parabolic, then f(tr(U)) = 0.
• If f(tr(U)) < 0 then f is elliptic.
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Figure 5. The space E cut into regions.
Figure 6. The gluing between L and E .
Let ∆ = f−1(R∗−) ⊂ C be the open bounded component of Figure 3. By the previous
proposition, we know that β(L) = C− ∆¯ is the unbounded open component of Figure 3,
while β(E) = ∆¯ is the closed bounded component. Observe that the lifts of ∂∆ are
precisely the orbits of elliptic elements having a double eigenvalue, and that the points
3, 3ω and 3ω2, where ω is a cube root of 1, are the projections of the center of SU(2, 1).
Thus, we know precisely the number of lifts of each point of C. The quantities are
summarized in Table 3.
In Table 3, for each point x ∈ C we also record the cardinalities of the cohomology
sets H1τ (Gal(C/R),Gx˜), where Gx˜ is the stabilizer in SL3(C) of a lift x˜ of x having a
closed orbit. Observe that the injective maps ϕ : β−1(x) → H1τ (Gal(C/R),Gx˜) that we
defined in Section 3.3, are never surjective in this case.
For the topology of β, we observe that β|L is one-to-one, mapping the punctured open
disk L to C− ∆¯. As for elliptic orbits in E , the restriction of β to each closed triangle of
Figure 5 is one-to-one to ∆¯. Observe that each segment of the boundary of Figure 3 has
exactly two lifts in X//G: a segment corresponding to a reflection on a line, contained in
L and separating two triangles of E , and a segment in the boundary of E , corresponding
to reflexions on points.
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